Three results in 14 and one in 8 are analyzed in xx3 6 in order to supply examples on Loeb probability spaces, which distinguish the di erent strength among three generalizations of -saturation, as well to answer some questions in x7 of 15 . In x3 we show that not every automorphism of a Loeb algebra is induced by a n i n ternal permutation, in x4 we show that if the @ 1 -special model axiom is true, then every automorphism of a Loeb algebra is induced by a pointautomorphism, in x5 w e show that not every measure-preserving homomorphism from a small subalgebra to a Loeb algebra is induced by a n i n ternal permutation, without assuming full-saturation, in x6 we show that, under some cardinality assumptions, the @ 1 -isomorphism property does not guarantee the compactness of a Loeb space, and in x7 an application of the @ 1 -special model axiom is given on the existence of ergodic transformations of a Loeb space, which partially answers Problem 2.3 of 5 .
Introduction
The reader is assumed to be familiar, besides logic, with the basic knowledge of nonstandard analysis and nonstandard universes. For references, see x4.4 of 1 , 4 or 11 .
Let be an uncountable regular cardinal. For generalizing -saturation three strong saturation properties in nonstandard analysis, the -isomorphism property, thespecial model axiom, and full-saturation are introduced in 3 , 14 and 15 . It is also proven there that full-saturation is the strongest, then comes the -special model axiom, and then the -isomorphism property, and the -isomorphism property implies -saturation, for all reasonable . For brevity let's write IP for the -isomorphism property and write SMA for the -special model axiom throughout.
When working with those three strong saturation properties together withsaturation in nonstandard analysis, two fundamental concerns naturally arise. The rst concern is why one does not always adopt a stronger property to work with. In other words, what is the reason for one to work with a weaker property rather than to work with a stronger one in some occasions? The second concern is just opposite, i.e. can one justify the necessity of adopting a stronger property rather than adopting a weaker one in some other occasions? A part of our answer to the rst concern is rather simple. A nonstandard universe possessing a weaker property is easier to construct, and hence is more understandable and more accessible to a nonstandard analysis practitioner. See 8 for the details. The answer to the second concern could be sometimes technical and is a never-ending task. Every time when a result is proven under a stronger property, one can always ask whether or not the result could bea consequence of a weaker property. Most of the questions posed in x7 of 15 are of this kind. The main purpose of this paper is to give answers to those questions, so that some of the answers could be the witnesses which distinguish the di erent strength among those strong saturation properties. There are theorems in 6 , which supply some consequences of SMA @ 1 unprovable under IP @ 1 . Unfortunately, those consequences are all pathological and, in our point of view, lack of general mathematical interest. In fact, so far as we know, there have been no examples in some mathematical elds other than logic to show the di erent strength among IP , SMA and full-saturation. In xx5,6 we supply such examples on Loeb probability spaces by analyzing some results in 14 and one in 8 .
The rst question in x7 o f 1 5 asks for an example, which is a consequence of SMA unprovable under IP , and suggests that Theorem 4.3 of 14 be such an example. We show i n x3 that Theorem 4.3 of 14 is true in any @ 1 -saturated nonstandard universe. In fact, @ 1 -saturation is needed only for Loeb measure construction. The second question in x7 of 15 asks for an example, which is a consequence of full-saturation unprovable under SMA , and suggests that Theorem 4.1 of 14 be such an example.
We show in x4 that Theorem 4.1 of 14 is a consequence of SMA @ 1 . But in x5 w e do give an example on Loeb probability space, which is a consequence of full-saturation unprovable under SMA . That example is Theorem 4.4 of 14 . In x6 we show that SMA @ 1 could not bereplaced by IP @ 1 in Theorem 3.9 of 8 Theorem 3.9 of 8 is a special case of Corollary 7 of 10 . In 5 it is proven that there does not exist any Borel ergodic transformation on a Loeb probability space. It is also asked in Problem 2.3 of 5 whether there ever exists any ergodic transformation on a Loeb probability space. We show i n x7 that, under SMA @ 1 , e v ery Loeb probability space has a ergodic even strong mixing transformation. The proof is just a combination of Ross's idea in 14 together with Maharam Theorem. Acknowledgments This research started when the author was preparing lecture notes for nonstandard analysis program of NATO Advanced Study Institute hosted by ICMS of Edinburgh, Scotland during Summer, 1996. He is grateful for nancial aid from NATO, and from NSF through Professor C. W. Henson's grant for participating in the nonstandard analysis events there. The author would also like to thank H. J. Keisler for valuable discussion, which led to a drastic simpli cation of the proof of Theorem 3.2.
Notation, Definition and Maharam Theorem
Let N be the set of all non-negative i n tegers. Let V 0 = N, let V n+1 = V n P V n for each n 2 N and let V = S n2N V n . Then we call V;2 the standard superstructure. By a nonstandard universe we mean the truncation at 2-rank ! of a proper elementary extension of the standard superstructure. We always denote by V; 2 a nonstandard universe, which is at least @ 1 -saturated. For brevity we often write 2 instead of 2 and write V instead of V; 2. Let V and V 0 betwo nonstandard universes. We call V 0 a bounded elementary extension of V i V 0 is the truncation at 2-rank ! of an elementary extension of V . We write ; ; ; : : : for ordinals and ; ; ; : : : for cardinals. Given a set S let cardS denote the external or set-theoretical cardinality of S and let jSj denote the internal cardinality o f S in some V provided S is internal in V . Let L always denote a rst-order language. Given a structure A we write L A for the language corresponding to A. An 4 IP @ 0 implies that any two in nite internal sets have same external cardinality.
For any V satisfying at least IP @ 0 let's denote by V the common external cardinality o f e v ery in nite internal set in V . Sometimes we write just when it is clear which V we w ork with. When we s a y V satis es IP or SMA we assume always that 6 V . Let Z and R bethe set of all standard integers, and all standard real numbers, respectively. Let N, Z and R be the sets of all non-negative i n tegers, all integers, and all real numbers in V , respectively. For an r 2 R let r be the greatest integer in Z less than or equal to r. By a hyper nite integer we mean an integer in N r N . Given a h yper nite integer H and let = f0; 1; : : : ; H , 1g N, one can construct a standard atomless probability space ; B; L called uniform hyper nite Loeb probability space or simply Loeb space, where L is a complete probability measure on the completion B of the -algebra, generated by the standard part of the normalized counting measure on the algebra A of all internal subsets of . We call ; A; an internal normalized counting measure space, which generates ; B; L . It is proven in 5 that for any Loeb space ; B; L there is no ergodic transformation T on such that the graph of T is a Borel subset of a subset of i s called Borel i it is a memb e r o f t h e -algebra generated by the algebra of all internal subsets of .
The proof of the main result in this section is a combination of Maharam Theorem and the result in 5 mentioned above. for each n 2 N, and PB n for each n 2 N. There is a binary membership relation 2 between B n and PB n for all n 2 N. There are binary relations E n;i B B n for each n 2 N and each i n such that a; ha 0 ; : : : ; a n,1 i 2 E n;i i a = a i :
The language L B 0 is countable. For every relation symbolP in L the interpretation of P in B is now an element i n B 0 . More precisely, a n n-ary i. Since is regular, one can assume that there is a such that card, 0 x 6 card and all parameters in , 0 x are from B 0 . Since B 0 is card + -saturated, the type , 0 x is satis able in B 0 . Hence ,x is satis able in B. 2 Claim 5.1.1 Claim 5.1.2 is a strong limit cardinal.
Proof of Claim 5.1.2: Let = cf and let 6 . We want to show that 2 . Suppose 2 . Let R be the real eld in V . By SMA there is a specializing sequence hR : i for R. Since . Without loss of generality we assume that cardA 6 i for some . Let ,x b e a n L A 0 -type containing exactly the following formulas:
a Ax", b , 1 n x , 1 2 1 n " for each n 2 N, c , 1 n x y , xy 1 n " for each n 2 N and each y 2 A .
Then it is easy to see that ,x is consistent with A 0 and all parameters in ,x are from A 0 . Since A 0 +1 is cardA 0 + -saturated, then ,x is realized by some Since card, x 6 and there are at most di erent 's, then, by L owenheimSkolem Theorem, there exists a bounded elementary extension V 0 of V such that card V 0 = and every type , x for some in V is realized in V 0 .
Next we construct a bounded elementary extension V of V 0 such that 1, 2 and 3 are satis ed. The construction is almost identical to the construction in the proof of Case 2 in Theorem 1 of 6 . This ends the construction.
Let V bethe union of the constructed sequence h V : 2 @ 0 + i. We want to show that V is the nonstandard universe we are looking for. It is easy to see that IP @ 1 is true in V by 3 and by the fact that the co nality o f 2 @ 0 + is uncountable.
Let ; B; L b e a Loeb space in V . 
Existence of Ergodic Transformations
Recall that in 5 it is proven that for any Loeb space ; B; L there is no ergodic transformation T on such that the graph of T is a Borel subset of . It is also asked in Problem 2.3 of 5 whether it is ever possible for a Loeb space to have an ergodic transformation. In this section we obtain an easy application of SMA @ 1 , which partially answers above question.
Remark: In fact, assuming SMA @ 1 any property of a measure-preserving transformation of f0; 1g , which is invariant under measure algebra isomorphism could be realized by a measure-preserving transformation of ; B; L . Theorem 7.2. Given any @ 1 -saturated nonstandard universe V , for every Loeb space ; B; L there is a complete subalgebra C B and an internal permutation T of such that ; C; L C is an atomless probability space and T is an ergodic transformation on ; C; L C. Proof ThenT :
C 7 ! C is an automorphism. Clearly, C is completely generated by f ,1
A i : i 2 !g. Let C be the complete subalgebra of B generated by S C. Then C is completely generated by a countable subalgebra C 0 of internal subsets of . Obviously, C is atomless. For each C 2 C 0 let's choose an internal set D C such thatT C = D C .
For each nite C 0 and each n 2 N let F n; = fp : p is an internal permutation of such that for each C 2 one has p C D C 1 n :g: Then F n; is internal. It is easy to see that the set fF n; : n 2 N and C 0 is nite.g has the nite intersection property. By @ 1 -saturation there is an internal permutation T in the intersection of all those F n; 's. It is now routine to check that T is an ergodic transformation on ; C; L C. 2 Remark Again T above could be made to beastrong mixing transformation. 
